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Abstract
This work employs the constitutive principles of linear elasticity to examine the nature of growth-induced
stresses in soft tissues. An analysis of the simpler case of isotropic growth gives insight into the effect of the
spatial non-uniformity of the growth process on both the nature and distribution tissue stresses. Anisotropic growth
is also considered, illustrating its role in relieving growth-induced stresses. The genesis of growth-induced stresses
in soft tissues has important implications for a variety of physiological phenomena, including the collapse of blood
vessels in solid tumours.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
The evolution and spatial distribution of tissue stresses is of fundamental importance in a number of
physiological phenomena. The experimentally observed phenomenon of vascular collapse in tumours,
for example, which has been attributed to the elevated tissue stresses resulting from confined proliferation
of tumour cells [1], represents a significant barrier to the delivery of blood-borne therapeutic drugs. Such
stresses are residual in nature, arising in the tissue when it is free of external loads, and result from the
incompatibility of growth strains [2–4].
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Fung [5] further notes the existence of residual stresses in living organs and highlights the importance
of such stresses to physiological functions, asserting that ‘in a living organism, the function of its organs
depends on the levels of their internal stress and strain’.
Hence continuum models of growing tissues provide a theoretical framework for a wide range of
studies in biology, ranging from tumour biology and anti-cancer therapies, to studies in embryology
and developmental biology, in addition to providing tools for prediction and analysis for a wide range
of projects in the rapidly growing field of tissue engineering. Importantly, Gatenby and Maini [6] have
noted that ‘clinical oncologists and tumour biologists possess virtually no comprehensive theoretical
model to serve as a framework’ for organizing the information and data furnished by experimentalists,
noting the necessity to ‘(develop) mechanistic models that provide real insights into critical parameters
that control system dynamics’.
Determining an appropriate constitutive law—one of the inherent complexities in the mathematical
modelling of soft tissues—is a crucial aspect of a continuum model of tissue growth. Jones et al. [7]
have proposed a single-phase linear elastic model of isotropic tumour growth, appealing to an analogy
to thermal expansion to model the growth process. However, linear elastic models of isotropic growth
are insufficient for describing the evolution of stresses in a growing tissue since they do not incorporate
the crucial aspect of stress relaxation, thereby preventing a steady-state stress distribution from being
reached once the tissue reaches a nutrient-regulated equilibrium size. Araujo and McElwain [8] have
developed a linear elastic model of anisotropic growth which overcomes the shortcomings of the model
given by Jones et al. in a very novel way by incorporating stress relaxation into the growth term of the
constitutive equation, rather than appealing to more complex viscoelastic theory.
This work presents an analysis of the constitutive equations associated with the thermoelastic analogy
for the mathematical description of growth [2,7] in order to elucidate the genesis of residual stresses in
soft tissues.
2. Anisotropic growth of a compressible material
The analysis presented here represents an extension of the theory of thermal stresses [9] to incorporate
anisotropic expansion (see [8]). The effect of a given fixed growth–strain distribution is considered [2],
rather than an evolution of stresses over a period of growth [7]. Moreover, spherical symmetry is
assumed, which has particular relevance to solid tumour growth.
Hence, the constitutive equation of linear elasticity is given in component form by
r − γr g = 1E (σr − 2νσθ) (1)
θ − γθ g = 1E (σθ − ν(σr + σθ )), (2)
where r and θ denote the actual radial and circumferential strains respectively, and g = g(r) denotes
the relative volume change due to growth. The anisotropic multipliers, γr and γθ , represent the proportion
of the volumetric growth directed into the radial and circumferential directions respectively.
Thus,
γr + 2γθ = 1. (3)
The constants E and ν denote Young’s modulus and Poisson’s ratio respectively. Eqs. (1) and (2) may
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be arranged to give
σr = E
(1 + ν)(1 − 2ν) ((1 − ν)r + 2νθ − ((1 − ν)γr + 2νγθ )g)
= E
(1 + ν)(1 − 2ν)
(
(1 − ν)∂u
∂r
+ 2ν u
r
− ((1 − 2ν)γr + ν)g
)
(4)
for the radial stress, and
σθ = E
(1 + ν)(1 − 2ν)(θ + νr − (νγr + γθ )g)
= E
(1 + ν)(1 − 2ν)
(
u
r
+ ν ∂u
∂r
−
((
ν − 1
2
)
γr + 12
)
g
)
, (5)
for the circumferential stress, where u is the radial displacement. Now, neglecting inertial effects and
external body forces, the conservation of momentum requires that
∂σr
∂r
+ 2β
r
= 0, (6)
where
β = σr − σθ . (7)
Substituting Eqs. (4) and (5) into Eq. (6) yields
∂
∂r
(
1
r2
∂
∂r
(r2u)
)
= 1
1 − ν
[
(ν − (2ν − 1)γr )∂g
∂r
−
(
3(2ν − 1)γr
r
+ (2ν − 1)∂γr
∂r
− (2ν − 1)
r
)
g
]
. (8)
This is the general equation for the displacement in a growing linear elastic material, considering both
anisotropy and compressibility. Two simplifications will now be considered:
1. Isotropic growth of a compressible material.
2. Isotropic and anisotropic growth of an incompressible material.
3. Isotropic growth of a compressible material
When growth is isotropic, γr = γθ = 13 , so that Eq. (8) reduces to
∂
∂r
(
1
r2
∂
∂r
(r2u)
)
= 1
3
(
1 + ν
1 − ν
)
∂g
∂r
, (9)
whose solution is
u = 1
3
(
1 + ν
1 − ν
)
1
r2
∫ r
0
gr˜2dr˜ + C1r + C2
r2
, (10)
where C1 and C2 are constants of integration. The term in C2 must be excluded, however, for the
displacement to be bounded in the centre of the tumour, since u = 0 at r = 0 by symmetry. Considering
a sphere of radius a with a constant hydrostatic pressure of −p at the surface (i.e. σr = −p at r = a), the
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constant C1 may be determined from the substitution of Eq. (10) into (4). (Note that by the convention
adopted here, compressive stresses are negative.)
Therefore, the constitutive equations are given by
σr = −p + 2E3(1 − ν)
(
1
a3
∫ a
0
gr˜2dr˜ − 1
r3
∫ r
0
gr˜2dr˜
)
(11)
and
σθ = −p + E3(1 − ν)
(
1
r3
∫ r
0
gr˜2dr˜ + 2
a3
∫ a
0
gr˜2dr˜ − g
)
. (12)
The quantity β, being the difference between the radial and circumferential stress components, will now
be used to study the genesis of tissue stresses since it is independent of both the external hydrostatic
pressure and the outer radius of the tissue, and determines the distribution of stresses as reflected in
Eq. (6).
Subtracting Eq. (12) from (11) now gives
β = E
3(1 − ν)
[
g − 3
r3
∫ r
0
gr˜2dr˜
]
. (13)
Note, however, that the volume average of g in a sphere of tissue of radius r is
gav = 3
r3
∫ r
0
gr˜2dr˜ , (14)
so that
β = E
3(1 − ν) (g − gav). (15)
Further, appealing to Eqs. (6) and (7) gives
∂σr
∂r
= 2E
3r(1 − ν)(gav − g) (16)
and
∂σθ
∂r
= E
3(1 − ν)
(
1
r
(g − gav) − ∂g
∂r
)
. (17)
The nature of the induced stresses is now considered for two growth distributions:
1. Volumetric growth, g, decreases monotonically with radius.
2. Volumetric growth, g, increases monotonically with radius.
3.1. Case 1: g monotonically decreasing with r
As shown in Fig. 1(a), when growth decreases monotonically with radius, the volume average of the
growth in a sphere of the tissue of radius r is always greater than the growth at r , except at r = 0
where the two quantities are equal. Therefore, Eq. (15) shows that β is always negative, implying that
the circumferential stress, σθ , is always greater (or less compressive) than the radial stress, σr . Moreover,
Eq. (16) shows that the rate of change of σr with radius is always positive under these circumstances, so
that σr increases with radius, reaching a maximum value of −p at the tissue boundary, r = a. In the case
of the circumferential stress, σθ , on the other hand, Eq. (17) suggests that its rate of change with radius
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Fig. 1. Growth, g, which decreases monotonically with radius (a), and increases monotonically with radius (b).
may be positive or negative, depending on the precise nature of the spatial distribution of the growth
since ∂g
∂r
is always negative.
3.2. Case 2: g monotonically increasing with r
In contrast to the previous case, Fig. 1(b) shows that when growth increases monotonically with
radius, the volume average of the growth in a sphere of the tissue of radius r is always less than the
growth at r , except at r = 0 where the two quantities are equal. Therefore, Eq. (15) shows that β is
always positive, implying that the circumferential stress, σθ , is always smaller (or more compressive)
than the radial stress, σr . Moreover, Eq. (16) shows that the rate of change of σr with radius is always
negative under these circumstances, so that σr decreases with radius, reaching a minimum value of −p
at the tissue boundary, r = a. In the case of the circumferential stress, σθ , on the other hand, Eq. (17)
suggests that its rate of change with radius may be positive or negative, depending on the precise nature
of the spatial distribution of the growth since ∂g
∂r
is always positive.
4. Isotropic and anisotropic growth of an incompressible material
For an incompressible material, ν = 12 , so that the constitutive equation reduces to
r − γr g = βE (18)
and
θ − γr g = − β2E , (19)
taking the trace of which enables the general equation of motion, Eq. (8), to reduce to
1
r2
∂
∂r
(r2u) = g. (20)
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The solution of Eq. (20) is
u = 1
r2
∫ r
0
gr˜2dr˜ + C3
r2
, (21)
where C3 is a constant of integration. The term in C3 must be excluded, however, for the displacement
to be bounded in the centre of the tissue, since u = 0 at r = 0. Hence
u = 1
r2
∫ r
0
gr˜2dr˜ , (22)
so that
r = ∂u
∂r
= − 2
r3
∫ r
0
gr˜2dr˜ + g (23)
and
θ = u
r
= 1
r3
∫ r
0
gr˜2dr˜ . (24)
Substituting Eqs. (23) and (24) into the constitutive equations gives
β = 2E
3
(3γθ g − gav). (25)
If growth is isotropic, with γθ = 13 , then
β = 2E
3
(g − gav), (26)
which is identical to Eq. (15) with ν = 12 so that the reasoning presented in Section 3 applies.
Nevertheless, the anisotropic growth–strain multiplier γθ is able to reduce growth-induced stresses.
Indeed, for a given growth–strain distribution, g = g(r), Eq. (25) suggests that at every radius r , there
exists a critical value of γθ = γ ∗θ such that β = 0 throughout the tissue, which implies that ∂σr∂r = 0 and
σr = σθ = −p everywhere. However, it is important to recognise that the anisotropic multipliers may
only assume values within the ranges
0 < γr < 1 and 0 < γθ <
1
2
, (27)
where (γr , γθ ) = (1, 0) corresponds to purely radial growth, (γr , γθ ) = (0, 12 ) corresponds to purely
circumferential growth and (γr , γθ ) = (13 , 13 ) corresponds to isotropic growth.
For the growth distribution
g = a sinh r
r sinh a
, (28)
for example, which is similar to that adopted by Jones et al. in [7] for an avascular tumour, the critical
anisotropic multiplier γ ∗θ is given by
γ ∗θ =
coth r
r
− 1
r2
. (29)
Since γ ∗θ is a monotonically decreasing function whose maximum value is γ ∗θ = 13 at r = 0 with
limr→∞ γ ∗θ = 0, γ ∗θ satisfies the constraint (27) for all values of r . Therefore, it is possible for the tissue
to remain stress-free by growing anisotropically with γθ = γ ∗θ and γr = 1 − 2γ ∗θ .
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For the growth distribution
g = 1 − r
2
a2
, (30)
on the other hand, which is similar to that adopted by Araujo and McElwain in [10] for a vascular tumour,
γ ∗θ =
5a2 − 3r2
15a2 − 15r2 . (31)
In this case, γ ∗θ > 0 for all values of r , since 0 ≤ r ≤ a. Furthermore, γ ∗θ ≤ 12 only when r ≤
√
5
3 a.
Therefore, it is possible for the inner sphere of tissue r ≤
√
5
3 a to remain stress-free by growing
anisotropically with γθ = γ ∗θ and γr = 1 − 2γ ∗θ . In the outer shell where
√
5
3 a < r < a, growth-induced
stresses will prevail for any choice of anisotropic growth–strain multiplier within the range specified by
the constraint (27). Nevertheless, the stresses will be reduced when
1
3
< γθ ≤ 12 and 0 ≤ γr <
1
3
. (32)
5. Concluding remarks
The analysis presented in the present work has shown the relationship between the spatial distribution
of the growth process and the nature and distribution of growth-induced stresses in a tissue with spherical
symmetry. Further, it has shown that the process of anisotropic growth is able to reduce—and in some
cases, prevent—growth-induced stresses.
However, this does not necessarily imply that growing tissues would remain stress-free, even if
this is theoretically possible. Araujo and McElwain [8], for example, define anisotropic growth–strain
multipliers as a function of β = σr − σθ so that stresses are gradually arrested as β evolves until a
steady-state stress distribution prevails when the anisotropic multipliers reach their critical values.
Moreover, the analysis shows that critical values of the anisotropic multipliers do not always exist
within their limited physical range. Thus, anisotropic growth is not always able to impart sufficient stress
relaxation to a linear elastic constitutive law for stresses to reach a steady state over a period of growth.
In such cases, a more complicated model incorporating viscoelastic effects may be needed to furnish a
mathematical framework for the study of residually stressed tissues.
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